In this paper, we study symmetry reduction for a binary asteroid system modeled by a rigid body and a particle. In particular, we demonstrate how translational and rotational symmetry reduction appeared in the binary asteroid system can be carried out in the context of Dirac reduction by stages and with the associated reduction of implicit Hamiltonian systems. Then we investigate stability of relative equilibria of the asteroid pair and show stability regions by using the energy-momentum method. Lastly, we illustrate some numerical simulations for stable and unstable orbits near from relative equilibria of the Collinear and T configurations. c 2013 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1301311] Keywords binary asteroid, Dirac reduction, stability
The multibody problem has been intensively focused in celestial mechanics and investigated by many researchers for a long time. Especially, in the three body problem restricted circular planar model, it was noteworthy that there were five equilibrium points called the Lagrange points; three points are known as the collinear points and the other two points are known as the triangular points discovered by Euler and Lagrange, respectively.
Since the discovery of the asteroid pair, Ida and Dactyl, by the Galileo probe in 1993, the space mission design and analysis have been focused on the development of spacecrafts approaching to such binary asteroids. A binary asteroid is a system of two asteroids orbiting the center of mass, whose orbits can be understood in the context of two-body problems. The solutions of the two-body problem are to be elliptic, hyperbolic and parabolic orbits, as is well-known. On the other hand, one can elucidate such a multibody problem, by making use of modern technique of differential geometry, in the context of symmetry and reduction. In particular, it has been crucial to investigate stability of relative equilibria of such mechanical systems with symmetry for the space mission design. It is known that the relative equilibria of the asteroid pair are given by the Collinear configuration and T configuration. 1 For the case in which the asteroid pair is comprised of an ellipsoid sphere and a particle, stability of the relative equilibria, in particular, for the case of the T configuration was investigated in details by using the energymomentum method.
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In the paper, we will investigate symmetry reduction in the binary asteroid pair in the context of Dirac structure and associated implicit Hamiltonian system. Then we will show the stability regions of relative equilibria using the energy-momentum method, where we a) Email: green-11street@ruri.waseda.jp. b) Corresponding author. Email: yoshimura@waseda.jp.
will study not only the T configuration but also the Collinear configuration (which has not been sufficiently investigated) in parameter spaces. We will further demonstrate some numerical simulations of stable and unstable orbits near the relative equilibria.
To do this, we will first construct the canonical Dirac structure on the cotangent bundle, i.e., the momentum phase space and how the dynamics of the binary asteroid pair can be represented by an implicit Hamiltonian system. 4 Second, we will develop Dirac reduction by stages for the binary asteroid pair to obtain the reduced implicit Hamiltonian system, where we will employ the so-called momentum maps, which correspond to conservation of linear momentum and angular momentum. The first reduction corresponds to the translational symmetry and the second the rotational symmetry. Then, we will show the relative equilibria of the binary asteroid pair, namely, the Collinear and T configurations, and explore the stability regions associated to the relative equilibria by utilizing the energymomentum method as well as the spectral stability analysis. Finally, we will demonstrate numerical simulations for stable and unstable orbits around the relative equilibria by reconstructing the original implicit Hamiltonian system.
As illustrated in Fig. 1 , consider a binary asteroid of a rigid body and a particle in a plane, in which we assume that the rigid body is an asteroid and the particle is a satellite. Let M be the mass of the rigid body and m the mass of the particle. Suppose that the rigid body consists of one central particle with mass m d and two small particles with mass m s ; namely, the total mass of the asteroid is M = m d + 2m s . Let Oxy be an inertial frame, R and r the position vectors of the asteroid and the satellite relative to the origin O, respectively. Further, we denote by θ an angle between the long axis of the rigid body and the x axis.
The configuration space of the asteroid pair is given by Q = R 2 × R 2 × S 1 , and a point q in Q may be locally expressed by q = (R, r, θ). The cotangent bundle T * Q on Q naturally has the canonical 2-form Ω, which is represented by using the local coordinates (q, p) = (R, r, θ, p R , p r , p θ ) as Ω = dR ∧ dp R + dr ∧ dp r + dθ ∧ dp θ .
where I zz = μ/(2ν) and
is the potential energy, G is a gravitational constant and d = |d| is a constant radius of the longest axis of the asteroid. By setting mM/(m + M ) = 1, G(m + M ) = 1 and 2d = 1, the potential energy of the asteroid pair V (R, r, θ) may be transformed into
Recall from Refs. 5 and 6 that the canonical Dirac structure D on T * Q is defined by
hence the dynamics of the asteroid pair can be represented by an implicit Hamiltonian system (X, H, D), which satisfies (X, dH) ∈ D. It follows that the implicit Hamilton system is given by
where Ω :
is a bundle map associated to Ω and X is a vector field on T * Q given by
Let (P, Ω) be a symplectic manifold and D a Dirac structure on P . An implicit Hamiltonian system on P is given by a triple (X, H, D), where H is a Hamiltonian on P . Assume that a Lie group G acts on P freely and properly, where the action Φ :
is satisfied for every h ∈ G and (X, α) ∈ D. As to the Dirac reduction, see Refs. 5, 6, 8 and 9. Now, let g ∼ = T e G be the Lie algebra of G. Consider one parameter subgroup {exp(tξ) | t ∈ R} ⊂ G and it follows that for any element ξ in g, the infinitesimal generator ξ P at the point z ∈ hz = exp(tξ) · z corresponding to ξ ∈ g is defined by differentiating hz with respect to h in the direction for ξ as
In the above, ξ P is a vector field on P . If there is a function
Assume that λ is a regular point of J so that J −1 (λ) is a smooth manifold and also that G acts on N = J −1 (λ) freely and properly, M = J −1 (λ)/G λ becomes a smooth manifold. Let π : N → M and ι : N → P , we can define a unique symplectic structure Ω M on M which satisfies the relation
This reduction procedure is called symplectic reduction or Marsden-Weinstein reduction.
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Next, we shall show Dirac reduction 4,12 induced from the symplectic reduction. The implicit Hamiltonian system on P is restricted to the one (
Since the reduced Hamiltonian and the reduced vector field on M are given by
In the binary asteroid system, there are two group actions of symmetry groups, namely, the first one is the translational symmetry and the second the rotational, each of which corresponds to the conservation of linear momentum and the conservation of angular momentum. In the following, let us see how the dynamics of the binary asteroid system can be reduced by these symmetries in the context of Dirac reduction by stages.
The first symmetry reduction is associated with the translational symmetry, namely, the implicit Hamiltonian system (X, H, T * Q) is invariant under the group action on the cotangent bundle T * Q induced from the left action of the translation group G = {R 2 , +} on Q. This action is given by G × Q → Q; (r, R, θ) = (r + g, R + g, θ) for g ∈ G and the cotangent lift of
. From this translational symmetry under the action of the translation group, we can define the momentum map
If the momentum map takes a fixed value λ ∈ g * , then J 1 corresponds to the conservation of the total linear momentum of the asteroid pair. Note that J −1 1 (λ) ⊂ T * Q represents the phase space with λ. Hence, we can define the projection π 1 :
It directly follows that the reduced symplectic 2-form is obtained as Ω 1 = dq ∧ dp + dθ ∧ dp θ since λ is constant. The reduced Hamiltonian H 1 :
where the reduced potential is given by
In particular, we set λ = 0, which implies that the linear momentum of the asteroid pair is conserved to be zero. Since the reduced Dirac structure is D 1 = graph Ω 1 , the reduced implicit Hamiltonian system on P 1 is given by the triple ( (2) . The second symmetry is associated to the rotational symmetry, namely, the implicit Hamiltonian system (X 1 , H 1 , D 1 ) on P 1 = T * R is invariant under the group action induced from the action of the group G = S 1 ∼ = SO(2) on R. In order to trivialize R = SE(2) ∼ = R×S 1 ×S 1 , we change the local coordinates of q from (x, y) → (r, φ). Then, we consider the canonical transformation (x, y, θ, p x , p y , p θ ) → (r, φ, θ, p r , p φ , p θ ) which preserves the symplectic two-form Ω 1 on P 1 given by 
Moreover, consider the following canonical transformation
where the new coordinates (r = |q|, α, β) are introduced as in Fig. 2 . Eventually, the symplectic 2-form on P 1 is represented by the coordinates (r = |q|, α, β) as Ω 1 = dr ∧ dp r + dα ∧ dp α + dβ ∧ dp β . On the other hand, the Hamiltonian is to be
Notice that β is a cyclic coordinate of H 1 , and it follows that the momentum p β is conserved. Let us denote the Lie group G = S 1 action on P 1 by Ψ : G × P 1 → P 1 ; Ψ ϕ (r, α, β) = (r, α, β + ϕ), and the associated momentum map J 2 : P 1 → g * is obtained as
which denotes the conservation of the angular momentum. Using the inverse Legendre transform FH 1 : T * R → T R, one can define the Lagrangian on T R by
Note that the Legendre transformation FL 1 : T R → P 1 = T * R is given by (ṙ,α,β) → (p r =ṙ, p α = r 2α + r 2β , p β = r 2α + (r 2 + I zz )β). If J 2 takes a fixed value γ, one can obtain the locked inertia tensor I : g → g * as
Hence, one can define the mechanical connection A :
where A is given as a g-valued one-form by A(r, α, β) = r 2 /(r 2 + I zz ) dα + dβ. Furthermore, we can define the sifting map t γ :
Thus, the reduced symplectic 2-form Ω 2 on P 2 = J −1 2 (0)/G γ can be defined by Ω 2 = dr ∧ dp r + dα ∧ dp α − 2γI zz r (r 2 + I zz ) 2 dr ∧ dα, and the reduced Hamiltonian H 2 : P 2 → R is obtained as
where V γ is an amended potential given as
In the above, the potential energy of the rigid body is given by
where the relative distances are r 2 u = r 2 +2dr cos α+d 2 , and r
Since the reduced Dirac structure on P 2 is defined by D 2 = graph Ω 2 and the vector field on P 2 is given by
Let π γ :
2 (γ)/G γ be a canonical projection. A point z e ∈ P 1 is called a relative equilibrium if z e ∈ P 1 is a critical point of the augmented Hamiltonian
for ξ ∈ g, which plays a role of a Lagrange multiplier. In other words, π γ (z e ) ∈ P 2 is a critical point of the reduced Hamiltonian H 2 on P 2 . The binary asteroid system that we consider is the case in which γ = 0, and it follows that the relative equilibrium π 0 (z e ) = (r, α,p r ,p α ) ∈ P 2 is the fixed point of the reduced implicit Hamiltonian system in Eq. (2) as
In the above, notice that
As was known in Refs. 1 and 3, it follows from ∂V γ /∂α = 0 that there exist two types of the relative equilibria as illustrated in Fig. 3 ; namely, (1) Collinear configuration:
, and also that one can numerically solve the higher-degree equation of r under given parameters μ and γ for the Collinear and T configurations as to ∂V γ /∂r = 0. However, the stability associated to (r, μ) was not enough studied in Refs. 1-3, since there may exist both stable and unstable cases for some parameter Ω, which is dependent on γ-values. In particular, the case of the Collinear configuration has not been fully studied so far. Then, we will show the stability region associated to the (r, μ) space in both of the Collinear and T configurations. Now, let us compute the steady motions in the unreduced phase space associated with the relative equilibria. For the relative equilibria, since p α = γr 2 /(r 2 +I zz ) is constant, it directly follows from the equation p θ = γ − p α that p θ is constant. Therefore,θ = p θ /I zz is constant and hence the solution curve θ(t) is to be a steady motion, which may be given by
where θ 0 is the initial value for θ(t) and we set the constant angular velocity as
Corresponding to the Collinear and T configurations, we can show the steady motions of the periodic orbits with the period T = 2π/Ω as in Fig. 4 . Let us study the stability of the relative equilibria by employing the energy-momentum method.
11 Let z e ∈ P 1 be relative equilibrium of the binary asteroid, and it follows that z e (t) ∈ G γ · z e with γ = J 2 (z e ) and also that there exists a ξ ∈ g such that z e (t) = exp(tξ) · z e . It follows from Ref. 11 that the energymomentum theorem states that:
2 (γ) and G-orbitally stable in P 1 . Let z = (q, p) ∈ P 1 and Eq. (3) is transformed into
where the K γ is a momentum shifted kinetic energy given by
By the energy-momentum theorem, one can directly know the orbital stability around z e by investigating the definiteness of δ 2 H ξ (z e ). Note that for the case in which δ 2 H ξ (z e ) is semidefinite or indefinite, one can not say anything about the stability of the equilibrium. Since the δ 2 K γ (z e ) has a positive value, the definiteness δ 2 H ξ (z e ) only depends on δ 2 V γ (q e ), where lows that
For the case of ∂ 2 V γ /∂r 2 > 0, one can find the orbit to be unstable since the number of the negative eigenvalues are odd. 13 For the case of ∂ 2 V γ /∂r 2 < 0, one can not determine if the orbit may be stable or not. So, we will explore the spectrally stability by linearizing the reduced implicit Hamiltonian system at the relative equilibria and also by analyzing eigenvalues of the vector field. Let z = (r, α,p r ,p α ) be local coordinates and let z e be the relative equilibrium. The linearized equation at this relative equilibrium is δż = Aδz, where Let ζ be the eigenvalue of the characteristic equation
where 
Setting ζ 2 = λ in Eq. (4), one has
If the solution λ of Eq. (5) is a positive real number or a complex number, the eigenvalues ζ are to be complex numbers whose real parts are positive. Therefore, the relative equilibria are to be unstable. On the other hand, if all λ are negative real numbers, then ζ are to be purely imaginary numbers. Then, the equilibria are to be neutrally stable. Thus, the conditions for the neutral stability are given by
In this way, under the parameters ν = 10 −3 , μ ∈ (0, 0.2) and I zz = μ/(2ν) as before, we show the nonlinear stability region, the neutrally stability region and with the spectrally unstable region for the T configuration in Fig. 8 . In Fig. 9 , we illustrate the trajectories near the T configuration by choosing the stable parameters, r e = 4.137 and μ = 0.05; namely, Fig. 9(a) denotes the trajectory in the reduced (r, α) space, while Fig. 9(b) indicates the trajectory in the (x, y) space. In Fig. 10 , we also demonstrate the unstable orbit near the Collinear configuration by choosing the parameters, r e = 0.977 9 and μ = 0.15. Fig. 11 shows the unstable orbits with the parameters, r e = 14.146 and μ = 0.1.
In this paper, we have studied symmetry and reduction of the binary asteroid in the context of Dirac structures and associated implicit Hamiltonian systems. We have also investigated the stability of the relative equilibria. We showed the Dirac reduction by stages by incorporating the symplectic reduction into the Dirac reduction and also showed how the dynamics of the asteroid pair can be formulated by the reduced implicit Hamiltonian system. We developed the relative equilibria for the asteroid pair, namely, the Collinear configuration and the T configuration and we computed the steady motions associated with the relative equilibria. Furthermore, we explored the nonlinear stability of the relative equilibria by employing the energy-momentum method and the linearized stability as well. In particular, we showed the stability regions of the Collinear configuration in the parameter (r, μ) space, which have not been enough investigated so far. Finally, we illustrated the stable and unstable orbits near the relative equilibria by numerical simulations. 
